Abstract. It is shown that the exact nonlinear theory for a rotationally symmetric membrane cap deformed by hydrostatic pressure is statically determinant. A small strain theory is obtained without any assumptions on the relative magnitudes of the displacements. This small strain theory can be reduced to a single second-order ordinary differential equation for the determination of the radial stress. A linear shallow cap theory is obtained and solved explicitly for the case of the shallow spherical cap.
1. Introduction. The purpose of this paper is to discuss the stresses, strains, and displacements which occur in a membrane cap when subjected to a hydrostatic pressure.
The equations governing the rotationally symmetric deformation of a membrane cap consist of three sets of relations: (1) the strain-displacement equations, (2) the equilibrium equations, and (3) the constitutive laws. If the membrane cap consists of a surface which is generated by rotating a curve z = Z(r) about the z-axis the equations (1), (2) , and (3) take the form e _ 2m' + (u')2 + 2z'w' + (w' strains and h is the thickness of the membrane. P is the pressure per unit undeformed area whose direction is normal to the deformed surface and m2 = \ + (z')2.
(1.4)
The equations (1.1), (1.2), and (1.3) are the exact nonlinear membrane equations (cf. Sec. 7). For the boundary conditions on (1.1), (1.2), and (1.3) we will prescribe either radial displacement u(a) -n (1.5) or radial stress or{a) = a (1.6) (a is the radius of the base of the cap). In either case we will require that all quantities be finite at r = 0 and w(a) = 0.
(1.7)
Approximate theories for the deformation of membrane caps have been suggested by Bromberg and Stoker [1] and Reissner [2] , The theory described in [2] has been used by Goldberg [3] to obtain a numerical solution for the spherical cap.
In [4] it was shown that the exact "normal" pressure theory, i.e., pressure whose direction is normal to the undeformed surface, can be reduced to a single, secondorder, nonlinear, ordinary differential equation for the determination of a quantity related to the radial stress. This reduction is possible regardless of the constitutive laws. The fact that the exact theory can be described by a single equation makes it possible to obtain an approximate theory for small strains without the necessity of making ad hoc assumptions on the relative magnitudes of the displacements.
A reduction to a single, second-order, differential equation is evidently not possible for the relations (1.1), (1-2), and (1.3). However, it will be shown in Sec. 2 that the theory is statically determinant, i.e., the system can be written as a pair of secondorder differential equations for the determination of ar and og. Thus even in this case it is possible to obtain a small strain theory without assuming any conditions on the magnitude of the displacements (cf. Sec. 3). In Sec. 3 it is also shown that the small strain theory does reduce to a single nonlinear second-order ordinary differential equation for the determination of ar. In Sec. 4 a nonlinear shallow cap theory is obtained and in Sec. 5 it is shown that if the applied pressure P is "sufficiently small" the small strain, shallow cap theory can be reduced to a linear theory. In Sec. 6 this linear theory is solved explicitly for the shallow spherical cap. 2)
It is a consequence of (2.1a) that E£e-og-uar (3.1b) where E is Young's modulus and v is the Poisson ratio. We note that neglecting either Er or Eg in relation to m2 -1 in either (3.2) or (3.3) would be incorrect since m2 -\ -(z')2 which may itself be small and in fact z' -0 at r = 0 if the undeformed surface is smooth. Equation ( §)'-mZ« + ^=a <3J°)
The strains may be eliminated from Eq. (3.9) using (3.8), so that (3.9) becomes If the condition (6.17) or (6.18) is violated, the solution will contain either radial or circumferential compressions. Since membranes have no resistance to bending, it is not to be expected that they would support compressions. Thus, if condition (6.17) or (6.18) is violated, it is likely that there are other solutions which are not rotationally symmetric.
7. Appendix, equilibrium equations. The strain-displacement equations (1.1) and the constitutive laws (1.3) were obtained in [4] , The equilibrium equations are (cf. It is a consequence of (7.4) that = (1 + u')tr + (z' + w')k, (7.6a) 5R* , . ...
-= (r + u)eg, (7.6b)
where eg is the unit vector in the circumferential direction. Equation (7.5) implies The equilibrium equations (1.2) follow from (7.1) and (7.8).
